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Abstract
For a character χ of a finite group G, the number a(χ) := |G : kerχ |/χ(1) is called the co-degree of χ .
The object of this paper is to study the connection between the structure of a finite group and the co-degrees
of its irreducible characters.
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1. Introduction
Let G be a finite group and χ be a character of G. The number a(χ) := |G : kerχ |/χ(1) is
called the co-degree of the character χ . For a normal subgroup N of G, let
Irr(G|N) = Irr(G)− Irr(G/N) and cdq(G|N) = {a(χ) ∣∣ χ ∈ Irr(G|N)}.
For the set cdq(G|N), we define a co-degree graph Γ (G|N) as follows: The vertex set V (G|N)
of Γ (G|N) consists of all primes dividing some integer in cdq(G|N). There is an edge between
distinct primes p,q ∈ V (G|N) if pq divides some integer in cdq(G|N). In particular, we write
cdq(G) = cdq(G|G), Γ (G) = Γ (G|G), V (G) = V (G|G).
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graph Γ (G|N) or Γ (G).
Throughout this paper, G always denotes a finite group and p a prime number, respectively.
If G = HN is a Frobenius group with the kernel N and a complement H , then we say that
H acts frobeniusly on N , and such a Frobenius group is denoted by Frob(G,N). If there are
M,N  G such that G/N is a Frobenius group with M/N as its kernel and M is a Frobenius
group with N as its kernel, then we say that G is a 2-Frobenius group, and such a 2-Frobenius
group is denoted by Frob2(G,M,N).
Remark 1.1. In [2] and [1], the co-degree of a character χ of G is defined by b(χ) := |G|/χ(1).
(1) For any N  G with N  kerχ , χ may be viewed as a character of G/N . Clearly, b(χ)
depends on the choice of quotient group G/N , but a(χ) is independent of the choice of
such N .
(2) For any χ,ψ ∈ Irr(G), we have gcd(b(χ), b(ψ)) > 1 (see [2, Proposition 1.1]). However,
under our definition of character co-degree, there even exists a finite group G whose co-
degree graph Γ (G) is not connected. For example, if G is a Frobenius or 2-Frobenius group,
then the co-degree graph Γ (G) is not connected.
The main result in Section 2 is as follows.
Theorem A. Let 1 <N G and P be a nontrivial Sylow p-subgroup of G. Then p /∈ V (G|N) if
and only if N is a p′-group and P acts frobeniusly on N .
In particular, V (G) = π(G), where π(G) is the set of prime divisors of |G|.
In Section 3, we investigate the finite groups G with disconnected co-degree graph Γ (G|N),
where 1 <N G with no any restriction on N . The main results of this section are as follows.
Theorem B. Let 1 < N  G and suppose that Γ (G|N) is not connected. Then Γ (G|N) has
exactly two connected components, and π(G) = V (G|N).
Theorem C. Let 1 <N G and suppose that G is nonsolvable. Then Γ (G|N) is not connected if
and only if there exist M G and disjointed prime sets π1,π2 satisfying the following conditions:
(1) G/M is a cyclic π1-group, M/F is a nonsolvable π2-group, F is a π1-group, 1 < F =
F(N) <N M , where F(N) denotes the Fitting subgroup of N ;
(2) M = Frob(M,F);
(3) if G>M and let T/N be a Hall π1-subgroup of G/N , then T = Frob2(T ,N,F ).
Corollary. If N is a nonsolvable normal subgroup of G, then Γ (G|N) is not connected if and
only if G is a Frobenius group with F(N) as its kernel.
Proof. Suppose that G is a Frobenius group with F(N) as its kernel. Set π1 = π(G/F(N))
and π2 = π(F(N)). For any χ ∈ Irr(G|N), if F(N)  kerχ then a(χ) is a π1-number; and if
F(N) kerχ then a(χ) is a π2-number. Note that π1 ∩ π2 = ∅, and that since 1 < F(N) < N ,
we may choose χ1, χ2 ∈ Irr(G|N) such that F(N)  kerχ1, F(N)  kerχ2. Thus Γ (G|N) is
not connected.
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kernel is nilpotent. By Theorem C we conclude that G = M = Frob(G,F (N)). 
Let F be an elementary p-group of order p2 where p2 ≡ 1 (mod 16), and let H be a group of
order 48 such that H/Z(H) ∼= S4. Then either H ∼= GL(2,3), or H is a subgroup of SL(2,p) and
we denote this group by UI(48). Note that if H has unique involution then H ∼= UI(48). Clearly
H := UI(48) acts frobeniusly on F in a natural way, and set G = HF . Then G = Frob(G,F )
with Fitting height 4, cdq(G) = cdq(G|G) = {2,3,8,24,12,p2}, and thus the co-degree graph
Γ (G) is not connected.
Recall that if G is a solvable group with disconnected degree graph, then nl(G) (the Fitting
height of G) has upper bound 4, and if in addition nl(G) = 4 then G has a quotient group which
is isomorphic to GL(2,3) (see [4]). Our co-degree analog is the following theorem.
Theorem D. Let 1 < N  G and suppose that Γ (G|N) is not connected. If G is solvable, then
nl(G) 4; furthermore, if nl(G) = 4, then G has a quotient group which is isomorphic to either
GL(2,3) or UI(48).
In Section 4, we consider the co-degree graph Γ (G|N) for the case when N = G. The results
of this section are as follows.
Theorem E. Let G be a finite group.
(1) If p and q are not adjacent in Γ (G) where p,q ∈ π(G), then G has no element of order pq .
(2) For any Δ ⊆ π(G) with |Δ|  3, there always exists distinct p,q ∈ Δ such that p,q are
connected by an edge.
(3) Γ (G) is not connected if and only if G is a Frobenius or 2-Frobenius group. And in this case
each component of Γ (G) is complete.
(4) If Γ (G) is connected, then its diameter does not exceed 3.
By Theorem E(1), we have the following corollary. Note that the vertex set of Γ (G) is π(G)
(see Theorem A).
Corollary. Let G be a finite group and Δ(G) be its prime graph (see [5]). Then the prime graph
Δ(G) is a subgraph of the co-degree graph Γ (G).
2. Preliminaries
Lemma 2.1. Let χ ∈ Irr(G).
(1) For any N G with N  kerχ , χ may be viewed as a character of G/N , and the co-degree
a(χ) of χ is independent of the choice of such N .
(2) If M is a subnormal subgroup of G and ψ is an irreducible constituent of χM , then a(ψ)
divides a(χ).
Proof. (1) This is obvious.
(2) By induction we may assume that M is maximal normal in G. Clearly, kerχ ∩M  kerψ .
Suppose that kerχ M . Then kerχ  kerψ , and since χ(1)/ψ(1) divides |G/M| [3, Corol-
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divides a(χ). Suppose now that kerχ M . The maximality of M implies that G = kerχM , so
χM = ψ , and hence
a(ψ) = |M : kerψ |/ψ(1) = |M : M ∩ kerχ |/ψ(1) = |G : kerχ |/χ(1) = a(χ). 
Lemma 2.2. Let 1 <E <N be normal subgroups of G. Then
Irr(G|N) = Irr(G/E|N/E)∪ Irr(G|E), V (G|N) = V (G/E|N/E)∪ V (G|E),
both Γ (G/E|N/E) and Γ (G|E) are subgraphs of Γ (G|N).
Proof. The results are obvious. 
Lemma 2.3. Let G be a nonabelian simple group. Then for any distinct primes p,q ∈ π(G),
there is an edge in Γ (G) between p and q , and so Γ (G) is complete.
Proof. Suppose that p,q are not adjacent. Take a, b ∈ G with order p,q , respectively. For any
nonprincipal χ ∈ Irr(G), we see that either χ(1)p = |G|p or χ(1)q = |G|q , thus χ(a)χ(b−1) = 0
(see [3, Theorem 8.17]). This leads to a contradiction:
0 =
∑
χ∈Irr(G)
χ(a)χ
(
b−1
)= 1G(a)1G
(
b−1
)= 1. 
Lemma 2.4. For any finite group G, we have π(G) = V (G).
Proof. Let p ∈ π(G) and L/E be a composite factor of G such that p divides |L/E|. Clearly,
if L/E is abelian then p divides a(ψ) for all nonprincipal ψ ∈ Irr(L/E); and if L/E is a
nonabelian simple group then L/E has an irreducible character of p′-degree (see [3, Corol-
lary 12.2]). Therefore there always exists ψ ∈ Irr(L/E) such that p | a(ψ), and then by
Lemma 2.1 we conclude that p divides a(χ) for any irreducible constituent χ of ψG. Thus
p ∈ V (G) and therefore π(G) = V (G). 
Proof of Theorem A. Suppose that N is a p′-group and P acts frobeniusly on N . For any
χ ∈ Irr(G|N) and any irreducible constituent ψ of χN , we see that the inertia subgroup of ψ in
G must be a p′-group. This implies by Clifford Theorem that χ(1)p = |P |, and so p does not
divide a(χ). Thus p /∈ V (G|N).
Suppose conversely that p /∈ V (G|N).
We claim first that N is a p′-group. Otherwise, by Lemma 2.4 there exists a nonprincipal ψ ∈
Irr(N) such that p | a(ψ), and then by Lemma 2.1 we conclude that p | a(χ) for any irreducible
constituent χ of ψG, a contradiction. Thus N is a p′-group as claimed.
Now we prove, by induction, that P acts frobeniusly on N . Let E be a minimal normal
subgroup of G. Suppose that p ∈ π(E). Then EN = E × N . Set σ1 ∈ Irr(E) with p | a(σ1)
and nonprincipal σ2 ∈ Irr(N), and let χ be an irreducible constituent of (σ1 × σ2)G. Then χ ∈
Irr(G|N) and p | a(χ), a contradiction. Thus any minimal normal subgroup E of G is a p′-
group. By Lemma 2.2 we have that p /∈ V (G/E|NE/E), and since p ∈ π(G/E) we conclude
by induction that PE/E acts frobeniusly on NE/E.
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frobeniusly on NEi/Ei (i = 1,2), it follows that P acts frobeniusly on N , and we are done.
Assume that E is the unique minimal normal subgroup of G. Clearly E N and Irr(G|E) ⊆
Irr(G|N). Let ψ ∈ Irr(N |E) and χ be any irreducible constituent of ψG. Then χ ∈ Irr(G|E) is
faithful, and since p does not divides a(χ), we conclude that χ(1)p = |P |. Let T be the inertia
group of ψ in G and η be any irreducible constituent of ψT . We see that η(1)p/ψ(1)p = |T/N |p .
This implies that |T/N |p = 1, so that T is a p′-group. It follows that ψPN is irreducible. Note
that for any nonprincipal ψ ∈ Irr(N/E), by induction ψPN is also irreducible. Thus every non-
principal ψ ∈ Irr(N) induces to an irreducible character of PN , and therefore PN is a Frobenius
group with the kernel N , and we are done. 
Note that Theorem 1 of [2] is an easy consequence of Theorem A. And the character degrees
analog (for the case when N = G′) is the Michler–Ito theorem: for any fixed prime p, p  χ(1)
for all χ ∈ Irr(G|G′) if and only if G has a normal abelian Sylow p-subgroup.
3. Finite groups with disconnected co-degree graph Γ (G|N)
Lemma 3.1. Let 1 <N G. Then the following results are true.
(1) V (N) = π(N) ⊆ V (G|N); and for any p ∈ V (G|N) − π(N), p is adjacent to some prime
q ∈ π(N).
(2) If N is nilpotent, then there exists ψ ∈ Irr(N) such that all primes in π(N) are divisors of
a(ψ).
Proof. (1) By Lemma 2.4, we have π(N) = V (N). The rest follow by Lemma 2.1(2).
(2) Let π(N) = {p1, . . . , ps} and Pi (1 i  s) be Sylow pi -subgroup of N . Take nonprinci-
pal λi ∈ Irr(Pi) and set ψ = λ1 × · · · × λs . It is easy to see that all primes in π(N) are divisors
of a(ψ). 
Now we are ready to prove Theorem B. In fact, we can prove the following results.
Theorem 3.2. Let 1 < N  G and suppose that Γ (G|N) is not connected. Then the following
statements are true.
(1) π(N) does not lie in any one connected component of Γ (G|N); Γ (N) is a disconnected
subgraph of Γ (G|N); N is neither nilpotent nor minimal normal in G.
(2) Γ (G|N) has precisely two connected components, and π(G) = V (G|N).
(3) All minimal normal subgroups of G are abelian and contained in N .
(4) F(N) = F(G).
(5) Let π1, π2 be the vertex sets of two connected components of Γ (G|N). If E,K are normal
subgroups of G such that E < K  N and that K/E is a π2-group, then any nontrivial
π1-subgroup H/E acts frobeniusly on K/E.
Proof. (1) By Lemma 3.1(1), we see that the primes in π(N) lie in distinct connected compo-
nents, and therefore Γ (N) is not connected. And the remains follow mainly from Lemma 3.1(2)
and Lemma 2.3.
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kernel of Frobenius group PN where P ∈ Sylp(G), and so N is nilpotent. This contradicts the
statement (1). Therefore π(G) = V (G|N).
Now we shall prove by induction on |G|+ |N | that if Γ (G|N) is not connected then Γ (G|N)
has just two connected components. Suppose that N < G. Since |N | + |N | < |G| + |N | and
Γ (N |N) = Γ (N) is disconnected, by induction Γ (N) has just two connected components. Now
Lemma 3.1(1) implies that Γ (G|N) has just two connected components. Therefore we may
assume that G = N . Let M be a maximal normal subgroup of G. Observe that G is not simple
by Lemma 2.3, thus 1 <M <G.
Suppose that G/M is nonabelian. Since a Sylow 2-subgroup of G/M cannot act frobeniusly
on M , by Theorem A we conclude that 2 ∈ V (G|M) and that 2, q lie in the same connected com-
ponent for some prime q ∈ π(M). Note that by induction V (G|M) has at most two components
because |G| + |M| < 2|G|, and that by Lemma 2.3, 2,p are adjacent in Γ (G/M) ⊆ Γ (G) for
any prime p ∈ π(G/M). It follows that Γ (G) has just two components.
Suppose now that |G/M| is a prime p. Assume that p /∈ V (G|M). By Theorem A, G is a
Frobenius group with the kernel M . Thus M is nilpotent, and we conclude by Lemma 3.1(2) that
Γ (M) is complete, and so Γ (G) has just two connected components with {p}, π(M) as their
vertex sets. Assume that p ∈ V (G|M). Then the result follows because V (G) = V (G|M) and
by induction Γ (G|M) has at most two connected components.
(3) Let E be a minimal normal subgroup of G.
Suppose that E ∩ N = 1. Let r ∈ π(E) and σ ∈ Irr(E) with r | a(σ ). For any p ∈ π(N), by
Lemma 2.4 we may take λ ∈ Irr(N) such that p divides its co-degree. Thus pr | a(σ × λ). This
implies that π(N)∪ {r} lie in the same connected component of Γ (G|N), which contradicts the
statement (1). Therefore E N .
Suppose that E is nonabelian. Observe that by (1), Γ (G|E) is connected. Since E is not
nilpotent, it is easy to conclude by Theorem A that V (G|E) = π(G). As Γ (G|E) is a subgraph
of Γ (G|N) with V (G|E) = π(G), we conclude that Γ (G|N) is connected, a contradiction.
Therefore E is abelian.
(4) By (3), we have π(F(G)) = π(F(N)). Set π(G) = π1 ∪ π2, where π1,π2 are the vertex
sets of two connected components of Γ (G|N). Since all primes in π(F(N)) lie in the same
component, we may assume π(F(G)) = π(F(N)) ⊆ π1. By (1), there exists ψ2 ∈ Irr(N/F(N))
such that a(ψ2) is a π2-number. Suppose now that F(G) > F(N). Note that F(G)N/F(N) =
F(G)/F(N) × N/F(N). Let nonprincipal ψ1 ∈ F(G)/F(N), and set ψ = ψ1 × ψ2. Clearly
a(ψ1) is a π1-number, ψ ∈ Irr(F (G)N |N), and a(ψ) contains both π1-divisor and π2-divisor,
which is a contradiction. Thus F(G) = F(N).
(5) Note that Γ (G/E|K/E) is a subgraph of Γ (G|N). For any p ∈ π1, it is easy to see that
p /∈ V (G/E|K/E). The result follows from Theorem A. 
Proof of Theorem C. (⇐) Let χ ∈ Irr(G|N). If χ ∈ Irr(G/F |N/F), then it is easy to
see that a(χ) is a π2-number because T/F = Frob(T /F,N/F) for the case when T > N .
If χ ∈ Irr(G|F), then a(χ) is a π1-number since M = Frob(M,F). Note that Irr(G|N) =
Irr(G/F |N/F) ∪ Irr(G|F), it follows that Γ (G|N) has two connected components with π1,π2
as their vertex sets.
(⇒) We work by induction on |G| + |N |. By Theorem B, we have π1 ∪ π2 = π(G), where
π1,π2 are the vertex sets of two connected components of Γ (G|N). Let E be a minimal normal
subgroup. By Theorem 3.2, E is abelian with E <N , and Γ (G|E) is connected.
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By induction, there exist U,M  G satisfying the following conditions: G/M is a cyclic
π1-group, M/U is a nonsolvable π2-group, 1 < U/E = F(N/E) < N/E  M/E and U/E
is a π1-group, M/E = Frob(M/E,U/E), and if G > M then T/E = Frob2(T /E,N/E,U/E)
where T/N ∼= G/M .
Suppose that E is a π2-group. Then U = Frob(U,E) by Theorem 3.2(5), and so M =
Frob2(M,U,E). Since all 2-Frobenius groups are solvable, we conclude that M/U is solvable,
a contradiction. Therefore E is a π1-group, and so U is a π1-group. By Theorem 3.2(5), we see
that π2-group M/U acts frobeniusly on U , thus M = Frob(M,U), and also N = Frob(N,U).
Now suppose that G > M and T/N ∼= G/M . Since T/E = Frob2(T /E,N/E,U/E), we see
that T/U = Frob(T /U,N/U). Thus T = Frob2(T ,N,U). As U is the kernel of a Frobenius
group M , U is nilpotent, thus U = F(N), and we are done in this case.
Case 2. Suppose that Γ (G/E|N/E) is connected.
Since Γ (G|E) is connected and Γ (G|N) = Γ (G|E) ∪ Γ (G/E|N/E) (see Lemma 2.2), we
may assume that
V (G|E) = π1, V (G/E|N/E) = π2.
In particular, E is a π1-group and N/E is a π2-group. Thus N = Frob(N,E) by Theorem 3.2(5),
and so
E = F(N) = F(G).
Let L/E be a principal factor of G with L  N . Then Γ (G|L) is a subgraph of Γ (G|N), and
V (G|L) ⊇ V (L) = π(L) contains both π1-prime and π2-prime. It follows that Γ (G|L) is not
connected. Clearly E = F(L).
Assume first that L<N . By induction, there exists a nonsolvable normal π2-subgroup M/E
of G/E such that G/M is a cyclic π1-group, M = Frob(M,E), E = F(L) < LM . Observe
that N/E is a π2-group and that M/E = Oπ2(G/E). We have
N M and M = Frob(M,E) = Frob(M,F(N)).
Suppose that G > M and let T/N ∼= G/M . By Theorem 3.2(5), T/F(N) is a Frobenius group
with N/F(N) as its kernel, and thus T = Frob2(T ,N,F (N)), we are done.
Assume now that N = L, i.e., N/E is a principal factor of G Note that N = Frob(N,E),
and that a direct product of some copies of a nonabelian simple group cannot be a Frobenius
complement. We conclude that N/E is abelian, and so N/E is of prime order. Let W  G
be such that W/E = CG/E(N/E). As G/W  Aut(N/E) is abelian, W is nonsolvable. Ob-
serve that N/E lies in the center of W/E, it follows that Γ (W/E|N/E) is connected with
V (W/E|N/E) = π(W/E). In particular, W/E is a π2-group. Now let M  G be such that
M/E = Oπ2(G/E). Then M/E is a nonsolvable π2-group, and by Theorem 3.2(5) we con-
clude that M is a Frobenius group with the kernel E = F(N) < N . Also we see that G/M is
abelian because G/W is abelian, and thus a Hall π1-subgroup T/N of G/N is abelian and iso-
morphic to G/M . Clearly if T > N , then T/E = Frob(T /E,N/E) (Theorem 3.2(5)), and so
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The proof is complete. 
Proof of Theorem D. We work by induction on |G| + |N |. Let V1,V2 be the vertex sets of two
connected components in Γ (G|N). Note that V1 ∪ V2 = π(G) and that Γ (N) is not connected.
For any minimal normal subgroup E of G, we have that E N and that Γ (G|E) is connected.
Case 1. Suppose first that Γ (G/E|N/E) is connected for some minimal normal subgroup E
of G.
By Lemma 2.2, we may write V (G|E) = V1 and V (G/E|N/E) = V2. Thus N/E is
a V2-group, E is a V1-group, and so Theorem 3.2(5) implies that N = Frob(N,E). Let L/E
be a principal factor of G with L  N . Note that Γ (G|L) is a subgraph of Γ (G|N), and that
V (G|L) ⊇ π(L) contains both V1-prime and V2-prime. It follows that Γ (G|L) is not connected.
If L<N , then the result follows by induction. Thus we may assume that N = L. Then N/E is a
principal factor of G, and so N/E is of prime order because N/E is isomorphic to a complement
of Frobenius group N .
Let M  G be such that M/E = CG/E(N/E). Since N/E lies in the center of M/E, by
Theorem A we have π(M/E) ⊆ V (G/E|N/E) = V2. Let T G be such that T/E = OV2(G/E).
Observe that T M and T = Frob(T ,E) by Theorem 3.2(5), and that G/T is abelian because
G/M  Aut(N/E) is abelian. Let F/E be the Fitting subgroup of T/E. Then F/E = P/E ×
Q/E, where P/E = O2(F/E) is either a cyclic group or a quaternion group, and Q/E is a cyclic
group of odd order. Note that G/T is a V1-group, N/E  F/E and that every V1-subgroup of
G/E acts frobeniusly on N/E. It follows that F/E = F(G/E).
Assume that G/F is nilpotent. Then nl(G) 3, and we are done.
Assume now that G/F is not nilpotent. Since
G/F  Aut
(
(F/E)/Φ(F/E)
)= Aut((P/E)/Φ(P/E))× Aut((Q/E)/Φ(Q/E)),
we see that P/E is a quaternion group and that G/F = S3 × A/F , where S3 ∼= Aut((P/E)/
Φ(P/E)) and A/F  Aut((Q/E)/Φ(Q/E)) is abelian. Clearly nl(G) = 4. Since 2 ∈ V2, a Sy-
low 2-subgroup P2 of G acts frobeniusly on E. Thus P2 is a quaternion group, and so A is of
odd order (if |A| is even, then P/E  (P2E/E)′ is cyclic). Note that the odd order group A/P
acts trivially on (P/E)/Φ(P/E) and that Φ(P/E) is a cyclic 2-group. We see that A/P acts
trivially on P/E, and thus there exists a normal subgroup Y/E of G/E such that A/Y ∼= P/E.
Let us investigate the quotient group H := G/Y . It is easy to see that H has a Sylow 2-subgroup
isomorphic to P2, and that H/O2(H) ∼= S3. Note that O2(H) ∼= P/E is also a quaternion group.
Clearly H has a quotient group U of order 48 such that H/Z(H) ∼= S4. Indeed, if |P2| 25 then
U ∼= UI(48), and if |P2| = 24 then U ∼= GL(2,3). We are done.
Case 2. Suppose now that for any minimal normal subgroup E of G, Γ (G/E|N/E) is not
connected.
By standard argument, we may assume by induction that Φ(G) = 1, E = F(G) is the unique
minimal normal subgroup of G.
Let L/E be a principal factor of G with L  N . Assume E is a p-group and L/E is a q-
group. Suppose that p,q lie in the same connected component in Γ (G|N). Let R be a Sylow
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frobeniusly on L (Theorem 3.2(5)), and this implies that L is nilpotent, a contradiction. Thus
p,q lie in distinct components in Γ (G|N). Since Γ (G/E|N/E) is not connected, we see that
L<N . Observe that Γ (G|L) is disconnected yet, it follows by induction that nl(G) 4 and that
if nl(G) = 4 then G has a quotient group which is isomorphic to either GL(2,3) or UI(48). The
proof is complete. 
4. Proof of Theorem E
For a finite group G, we define a prime graph Δ(G) (see [5]) as follows: Its vertex set are
π(G), two distinct vertexes p,q are jointed by an edge if and only if pq divides some element
order.
For a finite solvable group G, it is well known (see [5]) that Δ(G) is not connected if and only
if G is a Frobenius or 2-Frobenius group.
Proof of Theorem E. (1) Let p,q ∈ π(G) and suppose that p,q are not adjacent in Γ (G). Let
E be any minimal normal subgroup of G. Note that if p,q ∈ π(E) then p,q are adjacent by
Lemma 2.3. Thus {p,q}  π(E), and in particular G is not simple. By induction G/E has no
element of order pq , and thus we may assume that G has no minimal normal {p,q}′-subgroup.
Note that if p ∈ π(E1), q ∈ π(E2) for distinct minimal normal subgroups E1 and E2, then
p,q are adjacent in Γ (E1E2) ⊆ Γ (G). Therefore, we may assume that for any minimal normal
subgroup E, p ∈ π(E) but q /∈ π(E).
Suppose that G has an element x of order pq . Assume that G has two minimal normal sub-
groups E1,E2. Since q /∈ π(Ei) and G/Ei has no element of order pq , we have xq ∈ Ei , and
this leads to a contradiction: xq ∈ E1 ∩ E2 = 1. Thus we may assume that E is the unique min-
imal normal subgroup. For any χ ∈ Irr(G|E), we see that χ is faithful, and since pq  a(χ) we
conclude that either χ(1)p = |G|p or χ(1)q = |G|q . Then χ(x) = 0 whenever χ ∈ Irr(G|E).
Observe that pq | |CG(x)| because x is of order pq , and that pq does not divide |CG/E(xE)|
because G/E has no element of order pq . This leads to a contradiction:
∣∣CG(x)
∣∣=
∑
χ∈Irr(G)
∣∣χ(x)
∣∣2 =
∑
χ∈Irr(G/E)
∣∣χ(x)
∣∣2 = ∣∣CG/E(xE)
∣∣.
Therefore G has no element of order pq .
(2) Suppose that p,q, r are distinct primes in π(G). We shall prove by induction that at least
two members of the set {p,q, r} are jointed by an edge in Γ (G).
Let M  G minimal be such that |{p,q, r} ∩ π(M)|  2. Let us consider a principal factor
M/N of G. If |{p,q, r} ∩ π(M/N)|  2 and let p,q ∈ π(M/N), then by Lemma 2.3 p,q
are jointed by an edge in Γ (M/N) ⊆ Γ (G), and we are done. By the minimality of M , we
may assume that {p,q, r} ∩ π(M/N) = {p} and that {p,q, r} ∩ π(N) = {q}. Let R ∈ Sylr (G).
Since R acts co-primely on M/N , there exists some P ∈ Sylp(M) such that R acts on PN .
Observe that R(PN) has normal {p, r}-complement, it follows that RPN has a Hall {p,q, r}-
subgroup RPQ, where Q ∈ Sylq(N). Since RPQ is solvable, RPQ has an element x of order
o(x) ∈ {pq,pr, qr} (see [5]). Now the result follows by (1).
(3) Suppose that G is a Frobenius or 2-Frobenius group. Then it is easy to see that Γ (G)
has two components. For example, if G = Frob2(G,M,N), then the vertex sets of its connected
components of Γ (G) are π(M/N) and π(G/M)∪ π(N).
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components. Then each component is complete by (2). Also by Theorem C, G is a Frobenius
group whenever G is nonsolvable. Now assume that G is solvable. Since every element of G has
order either a π1-number or a π2-number (see (1)), it follows from [5] that G is a Frobenius or
2-Frobenius group.
(4) This follows from (2). 
Corollary 4.1. By Theorem E(1), the prime graph Δ(G) of any finite group G is a subgraph of
the co-degree graph Γ (G).
Remark 4.2.
(1) The inverse of Theorem E(1) is not true. For example, A5 has no element of order 6, but 2,3
are adjacent in Γ (A5).
(2) In Theorem E(4), the upper bound 3 is exact. For example, let Pi be a cyclic group of order i
and G = (P2 × P3)(P5 × P7) satisfying the following conditions: P2 acts frobeniusly on
P5 × P7, P3 acts trivially on P5 and acts frobeniusly on P7. Then cdq(G) = {2,3,6,35,
7,5,15}, and so the distance between 2,7 in Γ (G) is 3.
Remark 4.3. Suppose that G is a solvable group with disconnected graph Γ (G|G′). By The-
orem 3.2, Γ (G′) is disconnected, and thus by Theorem E we conclude that G′ is a Frobenius
group or 2-Frobenius group. Now it is not difficult to prove that if nl(G) = 4 then G is a Frobe-
nius group.
We would like to conclude by proposing two questions.
Question A. Let σ(G) be a maximal integer m such that there is a member in cdq(G) having m
distinct prime divisors. Is there any constant k (independent of G) such that |π(G)| kσ (G). In
particular, is it true that |π(G)| 4 when σ(G) = 2?
Question B. Suppose that G is solvable and Ω is a set of primes. If G possesses an element x
such that π(o(x)) = Ω , is it true that cdq(G) has a member m with Ω ⊆ π(m)? Here o(x) is the
order of element x, and π(m) denotes the set of prime divisors of integer m.
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